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General context of the proposed work.

Large random matrices have been proved to be of fundamental importance in mathematics (high dimensional
probability, operator algebras, combinatorics, number theory,...) and in physics (nuclear physics, quantum fields
theory, quantum chaos,..) for a long time. The use of large random matrices is more recent in statistical signal
processing and time series analysis. The corresponding tools turn out to be useful when the observation is a
large dimension (say M ) multivariate time series (yn )n=1,...,N and the sample size N is not much larger than
M , a situation that becomes very comon due to the spectacular development of data acquisition devices and
sensor networks. This context poses a number of new difficult statistical problems that are intensively studied
by the high-dimensional statistics community. The most significant example is related with the fundamental
problem of estimating the covariance matrix of the observation because the standard empirical covariance matrix defined as the empirical mean of the (yn yn∗ )n=1,...,N is known to perform poorly if N is not significantly
larger than M . As a result, the conventional statistical inference schemes that are based on functionals of the
empirical covariance matrix may perform poorly. In order to mitigate this conceptual difficulty, the most popular approaches were based on the design of inference schemes using some possible degree of sparsity of the
underlying parameters. However, sparsity is a property that does not necessarily hold. The use of large random
matrix theory is an appealing alternative because, under some assumptions on the observations (yn )n=1,...,N ,
it is possible to precise the behaviour of certain functionals of the empirical covariance matrix when M and
N are both large, and to use the corresponding results in order to design new improved performance inference
schemes (see e.g. [4], [14], [17], [18]).
While these papers produced a number of valuable results, a considerable work remains to be done to exploit the
potential of large random matrix technics in the context of statistics of high-dimensional Gaussian time series.
In particular, a number of classical inference schemes are based on functionals of non parametric estimates of
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the spectral density of time series (yn )n∈Z (see e.g. [6]) or of non parametric estimates of the covariance matrix
(L)
of the augmented M L-dimensional vector yn defined by
yn(L) = [(y1,n , . . . , y1,n+L−1 ), . . . , (yM,n , . . . , yM,n+L−1 )]T

(1)

where L is a relevant parameter, and where (y1,n )n∈Z , (y2,n )n∈Z , . . . , (yM,n )n∈Z are the M components of the
observation (yn )n∈Z ((see e.g. [10]). The goal of the present PhD thesis is to evaluate the behaviour of certain
functionals of the above empirical estimates using large random matrix methods in asymptotic regimes where
both M and N converge towards +∞, and to take benefit of the results in order to revisit the problem of testing
that the M components of the observation are mutually uncorrelated signals in the case where both M and N
are large. Applications to the detection of a "useful" signal generated as the output of an unknown K inputs
/ M –outputs linear system driven by K non observable time series, and corrupted by a spatially uncorrelated
additive Gaussian noise, will also be addressed.
The proposed research topics are thus at the interface between large random matrices and the statistics of
multivariate time series. This interface, which has not yet been fully exploited in the technical literature, has a
high academic and applicative potentials in the context of high-dimensional statistical inference problems.
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More details on the proposed work.

We denote by S(ν) the spectral density of time series (yn )n∈Z defined for each frequency ν as the positive
M × M matrix
X
S(ν) =
Rl e−2iπlν
l∈Z

E(yn+l yn∗ )

where for each integer l, Rl =
represents the autocovariance matrix of y at lag l. A typical non
parametric estimate of S(ν) is the so-called frequency smoothed periodogram defined as the matrix Ŝ(ν) given
by
B
1 X
Ŝ(ν) =
ξ y (ν − b/N ) ξ y (ν − b/N )∗
(2)
2B
b=−B

P
−2iπ(n−1)ν is
where B is an integer less than N called the smoothing span, and where ξ y (ν) = √1N N
n=1 yn e
a normalized version of the discrete Fourier transform of M –dimensional vectors sequence (yn )n=1,...,N . We
mention that positive factors could also weight the terms of the above sum, but we prefer to omit them for the
sake of simplicity.
(L)

We denote by R(L) the covariance matrix of augmented vector yn
may be estimated by the empirical estimate R̂(L) defined by
R̂(L) =

N
1 X (L) ∗(L)
yn yn
N

defined by (1). This covariance matrix

(3)

n=1

where we ignore the end effects in the above sum.

2.1

Consistency of estimates Ŝ(ν) and R̂(L) .

A preliminary problem is to find conditions on M, N, L, B and on the properties of the time series under which
the above estimates are consistent in the spectral norm sense when M and N both converge towards +∞,
i.e.supν∈[0,1] kŜ(ν) − S(ν)k → 0 and kR̂(L) − R(L) k → 0, where kAk represents the spectral norm of a
matrix A. While these important topics were addressed extensively in the past when M is fixed (see e.g. [2],
[3], [6] in the context of scalar or low-dimensional multivariate linear processes, and [20], and [19] in the case
of certain non linear models), the above mentioned problems do not seem to have been addressed when both
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M and N converge towards +∞ (except perhaps in the very preliminary analysis [5]) which will need the use
of different tools. Intuitively, consistency of the estimates will probably hold only if B → +∞, M/B → 0,
B/N → 0 (for Ŝ(ν)) and M L/N → 0 (for R̂(L) ).

2.2

Behaviour of functionals of the estimates when consistency is lost.

In practice, for large finite values of M, L, N, B, the above ratios may not be small enough in order to make
reliable the performance predicted in the regime where consistency holds. It is therefore relevant to consider
limit regimes where M L/N (for R̂(L) ) and M/B (for Ŝ(ν)) converge towards non zero constants, and to study
the behaviour of relevant functionals of matrices Ŝ(ν) and R̂(L) . The main goal of this work is to address
this more complicated scenario. For this, specific, but important, observation models will be considered. In
particular, it will be assumed that the observation is a linear dynamic factor model, i.e.
yn = un + vn

(4)

where (vn )n∈Z represents an additive spatially uncorrelated Gaussian noise (i.e. the spectral density of v
is a diagonal matrix), and where (un )n∈Z is a "useful" signal conveying some informations that should be
extracted from the N available observations (yn )n=1,...,N . In the context of the present work, u is assumed to
be generated as
+∞
X
un =
Hl sn−l
(5)
l=0

where (Hl )l≥0 are unknown deterministic matrices, and where (sn )n∈Z is a K–dimensional time series whose
components are mutually uncorrelated independent identically distributed Gaussian sequences that are sometimes called the factors. Here, the number of factors K will be assumed much lower than M , and will be
considered as a fixed parameter when M, N, L, B converge towards +∞. The spectral density of y is thus at
each frequency ν the sum of a rank K << M matrix with a diagonal matrix (i.e. the spectral density of the
noise).
We will first study the behaviour of the empirical eigenvalue distribution of matrix R̂(L) when N, M, L converge towards +∞ in such a way that M L/N converges towards a constant. Hopefully, this distribution will
have a deterministic behaviour, which, intuitively means that the histogram of the eigenvalues of any realization
of R̂(L) tend to concentrate around the graph of a certain probability distribution which will be characterized.
This study will allow to evaluate the asymptotic behaviour of linear statistics of the eigenvalues (λ̂k )k=1,...,M L
of R̂(L) , i.e. terms defined by
ML
1 X
φ(λ̂k )
(6)
ML
k=1

for some smooth function φ. The case where φ(λ) = log λ, i.e.
ML

1 X
1
φ(λ̂k ) =
log det(R̂(L) )
ML
ML
k=1

will be studied thoroughly. For this, we will use large random matrix theory tools that were developped in
the context of more standard random matrix models (see e.g. [1] or [15]). It will also be important to study
the behaviour of the largest eigenvalues of R̂(L) in order to evaluate the influence of useful signal u on these
eigenvalues. Motivated by the problem of testing that the M components of y are uncorrelated signals (see below), we will also consider the same questions, but when matrix R̂(L) is replaced by a multiplicative deformed
versions C1/2 R̂(L) C1/2 , where C is a positive definite deterministic M L × M L matrix. The recent paper [13]
should be a good starting point to address these issues.
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Using again large random matrix technics, we will also study the asymptotic behaviour of the empirical eigenvalue distribution and the largest eigenvalues of estimate Ŝ(ν) for each frequency ν. For this, it might be
useful to remark that for each ν, matrix Ŝ(ν) can be interpreted as the sample covariance matrix of M –
dimensional vectors (ξ y (ν − b/N ))b=−B/2,...,B/2 , which should "be close" from nearly uncorrelated vectors

P
−2iπlν .
H(e2iπν )ξ s (ν − b/N ) + ξ v (ν − b/N ) b=−B/2,...,B/2 where H(e2iπν ) is defined by H(e2iπν ) = +∞
l=0 Hl e
As above, generalizations to multiplicative deformed versions of Ŝ(ν) will be considered.

2.3

Applications to testing that the M components of y are uncorrelated.

The components of y are mutually uncorrelated (or equivalently useful signal u is absent, i.e. y is reduced to
the Gaussian noise v) if and only if matrix R(L) is block diagonal for each L, the (m, m) block being equal to
(L)
the covariance matrix Rm of vector (ym,n , ym,n+1 , . . . , ym,n+L−1 )T . An alternative frequency-domain characterization is that the spectral density S(ν) is a diagonal matrix whose entries are the spectral densities of the
various components of y. Therefore, a "time-domain" statistics should test if matrix R̂(L) for L large enough
is close to be block diagonal, and a frequency-domain statistics should check whether matrix Ŝ(ν) is close to
be diagonal for each ν. We refer the reader to [11],[8] and [9] for existing works presenting time-domain and
frequency-domain approaches when the observation is a low dimensional time series (i.e. M remains fixed).
Motivated by [16], [12] and [14] in which different, but related, problems are studied, we propose to study
(L)
time-domain statistics that are based on the eigenvalues of matrix R̂cor defined by

−1/2

−1/2
(L)
R̂(L)
R̂(L) Diag((R̂(L)
(7)
cor = Diag((R̂m )m=1,...,M )
m )m=1,...,M )
when M, N and L converge towards +∞ in such a way that M L/N converges towards a non zero constant and
(L)
(L)
(L)
R̂m represents the sample estimate of Rm . Here, Diag((R̂m )m=1,...,M ) is the block diagonal matrix whose
(L)
diagonal blocks are L × L matrices (R̂m )m=1,...,M . The index cor indicates that the above matrix is a kind
of autocorrelation matrix. L should converge towards +∞ to test the values of the autocovariance matrices of
y at any lag. The general idea is to recognize that if the various matrix estimates in the right hand side of (7)
were replaced by their true values, then the left hand side of (7) would be equal to the identity matrix. In this
case, all its eigenvalues would coincide with 1, and its empirical eigenvalue distribution would reduce to the
Dirac distribution at point 1. It is thus relevant to study the behaviour of the empirical eigenvalue distribution
(L)
of matrix R̂cor when the M components of y are uncorrelated, i.e. when the useful signal u is absent in the
(L)
expression (5), and when u is present. The study of the largest eigenvalues of R̂cor might also be relevant.
When M, N, L converge towards +∞ and that M L/N converges towards a constant, ratio L/N converges
(L)
towards 0. Therefore, each empirical estimate R̂m should converge in the spectral norm sense towards its
(L)
true value, and the eigenvalues of R̂cor should have the same first order behaviour than the eigenvalues of the
multiplicative deformed version C1/2 R̂(L) C1/2 where matrix C is given by

−1
C = Diag((R(L)
)
)
m m=1,...,M
Therefore, the problems presented in paragraph 2.1 appear intimately connected to our testing problem. However, more work will have to be done to study potential limit distributions of linear statistics of the eigenvalues
(L)
(L)
of R̂cor , or of the largest eigenvalues of R̂cor .
(L)
These time-domain statistics have frequency domain analogs obtained by replacing matrix R̂cor by an estimator
Ŝco (ν) of the spectral coherency matrix defined for each frequency ν by

−1/2

−1/2
Ŝ(co) (ν) = Diag((Ŝm (ν))m=1,...,M )
Ŝ(ν) Diag((Ŝm (ν))m=1,...,M )
(8)
where for each m, Ŝm (ν) represents the empirical estimate of the spectral density of component m of y. As
above, if the M components of y were uncorrelated, the left hand side of (8) would reduce to the identity
4

matrix if the spectral density estimates in the right hand side of (8) were replaced by their true values. This is a
motivation to build statistics depending on the empirical eigenvalue distribution and on the largest eigenvalues
of Ŝ(co) (ν). As ratio B/N is assumed to converge towards 0, each estimate Ŝm (ν) should converge towards
its true value, and the eigenvalues of Ŝ(co) (ν) should behave as the eigenvalues of the multiplicative deformed
version
(Diag((Sm (ν))m=1,...,M ))−1/2 Ŝ(ν) (Diag((Sm (ν))m=1,...,M ))−1/2
of Ŝ(ν). The frequency domain problems presented in paragraph 2.1 will thus allow to study the above
frequency-domain statistics.
The technics that will be developed will finally be used in order to revisit in the high-dimensional case the
sensor network detection problem considered in [12].
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