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Many problems in science and engineering can be typically modeled as that of learning an
unknown function f : Rd → R from its samples (xi , yi )ni=1 where xi ∈ S ⊂ Rd (S is compact) and
yi = f (xi ) + ηi ;

i = 1, . . . , n

with ηi denoting noise. In particular, a common setting in many applications is freedom to obtain
the value of f at any location x ∈ S. Under suitable assumptions on the smoothness of f , one is
interested in deriving efficient algorithms for learning f , with n small. It is well known that provided
we only make smoothness assumptions on f (such as differentiability or Lipschitz continuity), then
the problem is intractable, i.e., has exponential complexity (in the worst case) with respect to the
dimension d. For instance if f ∈ C r (S), then any algorithm needs in the worst case n = Ω(δ −d/r )
samples to uniformly approximate f with error δ ∈ (0, 1), cf. [1, 2]. Furthermore, the constants
behind the Ω-notation may also depend on d. This exponential dependence on d is referred to
as the curse of dimensionality and suggests that in order to get tractable algorithms in the high
dimensional regime, one needs to make additional structural assumptions on f .
Ridge functions.

A popular class of functions are so-called ridge functions of the form
f (x) = g(Ax + b)

(1)

where A ∈ Rk×d and b ∈ Rk (with k < d). These functions have a rich history in mathematics
and arise for instance in the areas of statistics [3, 4] and approximation theory [5, 6]. They are
intrinsically k dimensional and so one could hope to derive algorithms which uniformly approximate
f with the number of queries depending at most exponentially in k and polynomially in d. Thus in
the setting where k  d, we would have bypassed the curse of dimensionality. Recent results in this
regard confirm that this is possible [7, 8]. These algorithms consider f to be sufficiently smooth
and are based on numerical approximation of the gradient of f at sufficiently many points. While
this is a natural approach, such schemes are sensitive to the choice of the step-size for estimating
the gradient – especially in the presence of noise. Moreover, these methods cannot be used for
learning f which are not continuously differentiable, for eg., Hölder continuous functions.
Goal(s) of the project. Assuming freedom to sample f within (a compact subset of) its domain,
we are primarily interested in answering the following question.
Can one tractably learn f via an approach which is not based on estimating its gradient?
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Since answering this question in its full generality might be ambitious, we will begin with the
following restricted problem where
f (x) =

k
X


αi max wiT x + bi , 0 ;

αi , bi ∈ R; wi ∈ Rd ,

(2)

i=1

and the goal is to estimate wi , αi , bi from point queries of f . The function in (2) is a neural network
(NN) with one hidden layer and with the activation function being a ReLU (Rectifiable linear
unit)1 . We would like to derive an efficient algorithm for estimating f , i.e., estimating wi , αi , bi for
each i, and understand the sample complexity for the same. As a warm-up, one can even make the
assumption that the wi ’s are orthogonal. At the end, we would ideally like a result that captures
the relative geometry of the wi ’s.
Depending on the progress made and the preference of the student, we will then start considering
generalizations of (2). Some possibilities are the following.
• Replacing ReLU in (2) with a more general class of functions, leading to f of the form
f (x) =

k
X

gi (wiT x + bi );

gi : R → R, i = 1, . . . , k.

(3)

i=1

• A NN consisting of more than one hidden layer, but with the ReLU activation functions.
While it would be ideal to capture the dependency on the number of layers, even a result for
two hidden layers would be interesting.
The project is primarily theoretical with a focus on proofs. However, time permitting, it would be
interesting to complement the theory with numerical simulations.
Pre-requisites. This project is suitable for a Masters thesis or as an internship for PhD students.
The student is expected to have a strong mathematical background in linear algebra, probability
theory (especially concentration of measure) and optimization. Some basic knowledge in approximation theory would be helpful, but is not necessary.
Logistics. The duration of the project will be around 4–6 months. The student will also receive
a monthly stipend of roughly 550 Euros.
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The function g(y) = max {y, 0} is a ReLU.
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